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1 Phasing Family Trios of Genotypes

In population genotyping, it is common to genotype family trios consisting of the two parents and
their child since that allows to recover haplotypes with higher confidence. Interestingly, the avail-
able software tools are primarily intended to phase only unrelated genotypes. In this section we
first formulate the problem and describe specificity of family trio phasing and then analyze existing
computational tools and discuss the pure parsimony objective. In the following section we give three
integer linear program formulations and compare their runtime for the Daly et al [18] data.

The haplotypes of children is much harder to recover than haplotypes of parents since we are
not aware of recombinations which may happened when parents haplotypes are inherited by a child.
Therefore, for simplicity, we assume no recombinations in child chromosomes and that exactly one
child chromosome is inherited from one parent and another from the other parent. Formally, given
a set of genotypes partitioned into family trios, the Trio Phasing Problem (TPP) requires to find for
each trio a quartet of parent haplotypes which agree with all three genotypes.

A simple logical analysis allows to substantially decrease uncertainty of phasing. For example,
for two SNP’s in a trio with parent genotypes f = 22 and m = 02, and the child genotype k = 01,
there is a unique feasible phasing of the parents: f; = 10, fo = 01, m; = 01, mo = 00 such that
the haplotypes fo and mq are inherited by the child. In fact, it is not difficult to check that logical
ambiguity exists only if all three genotypes have 2’s in the same SNP site.

Another source of ambiguity is in missing data — certain SNP’s for certain individuals may be not
available due to failures during genotyping. Although in the most recent data the missing data rate
decreases, still they constitute a substantial part of the entire data (as large as 16% of the genotype
data in Daly et al [5] data and 10% in Gabriel et al [19]).

As mentioned above, one of the goals of these study has been to design and verify discrimina-
tion algorithms for the data [5] which is one of infrequent publicly available large-scale case/control
genotype data. We have tried several well-known computational methods for phasing this data trying
to find feasible solution for the TPP since this data are given in family trios. Surprisingly, all the
methods which we have tried give infeasible solutions with high inconsistency rate. The error rate
has been measured as the ratio of the number of inconsistently phased SNP’s over the total number
of ambiguous SNP which are either missed or cannot be logically inferred. Note that the error rate
does not rely on the assumption that no recombinations happen in the children.

The Phamily tool based on well-known phasing tool PHASE is intended to phase the trio families
[2]. Tt first uses the logical method described above to infer the SNP’s in the parental haplotypes.
Then children genotypes are discarded while the parental genotypes and known haplotypes are passed
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to PHASE. Because the children genotypes are discarded, PHASE no longer can maintain parent-
child trio constraints resulting in 8.02% error rate for phasing Daly et al [5] data. A recent tool HAP
[10] also does not deliver a feasible solution having 9.8% error rate.

An interesting phenomenon have been discovered for the greedy method for missing data recovery
[11]. The authors replace each genotype in Daly et al [5] data with a pair of logically resolved
haplotypes referring to each ambiguous SNP value as a 7. The ?’s constitute 15% of all data. Then
extra 10% of data are erased (i.e., replaced with ?’s) and the resulted 25% of ambiguous SNP values
are inferred by the greedy algorithm minimizing haplotype variability within blocks. When measured
on the additionally erased 10% of data, the error rate f the greedy algorithm is 2.8% [11] which has
been independently confirmed in our computational experiments. Unfortunately, the error rate o for
the original 15% of ?’s is at least 25% which has been measured by the number of inconsistently phased
SNP’s. This may lead to a conclusion that the complexity of missing genotype data is considerably
higher than the complexity of the successfully genotyped data.

Note that it is easy to find a feasible solution to TPP but the number of feasible solutions is
exponential and it is necessary to choose a criteria for comparing such solutions. In [?] for haplo-
typing pedigree data, the objective is to minimize recombinations. That objective is not suitable for
TPP since the trios are not full-fledged pedigree data and contain no clues to evidence recombina-
tion reconstruction. Thus, following [?, 8], we have decided to pursue parsimonious objective, i.e.,
minimization of the total number of haplotypes.

The drawback of pure parsimony is that when the number of SNP’s becomes large (as well as the
number of recombinations), then the quality of pure parsimony phasing is diminishing [8]. Another
important drawback of large number of SNP’s is huge runtime of finding the smallest number of
haplotypes caused by inherent complexity of the problem [8]. Therefore, following the approach in
[10], we suggest to partition the genotypes into blocks, i.e., substrings of bounded length, and find
solution for the pure parsimony problem for each block separately. Note that in case of family trios we
have great advantage over the method of [10] since we do not need to solve the problem of combining
blocks. Indeed, for each family trio we can make four haplotype templates (partially resolved by logic
means haplotypes) that imply unique way of gluing together blocks to arrange complete haplotypes
for the entire sequence of SNP’s. It is not clear what should be the size of a block. We suggest to
minimize the variability (i.e., the minimum number of haplotypes) over the block length. Empirically,
for Daly et al data, such block has on average 6 SNP’s.

Formally, let genotype be a vector with m coordinates each corresponding to an SNP and having
one of the following values: 0 (homozygote with major allele), 1 (homozygote with minor allele), 2
(heterozygote), or 7 (missing SNP value). Let haplotype be a vector with m coordinates where each
coordinate is either 0 or 1. We say that two haplotypes explain a genotype if

e for any O (resp. 1) in the genotype vector, the corresponding coordinates in the both haplotype
vectors are 0’s (resp. 1’s),

e for any 2 in the genotype vector, the corresponding coordinates in the two haplotype vectors
are 0 and 1,

e for any 7 in the genotype vector, the corresponding coordinates in the haplotypes are uncon-
strained (can be arbitrary).

We say that four haplotypes hi1, ho, hs, hy explain a family trio of genotypes (f,m, k), if hy and he
explain the genotype f, hs and h4 explain the genotype m, and h; and hsz explain the genotype k.

Pure-Parsimony Trio Phasing Problem (PPTPP). Given 3n genotypes corresponding to n family
trios find minimum number of distinct haplotypes explaining all trios.



2 Integer Linear Programs for Pure-Parsimony Trio Phasing

The first two ILP formulations for the PPTPP in this section are inspired by known ILP formulations
for phasing from [8] and [4] and the third ILP improves the first two in all three parameters - number of
variables, number of constraints and the runtime. We conclude the section with empirical comparison
of all three ILP.

The ILP phasing formulation from [8] uses 0-1 variable z; for each possible haplotype with the
minimization objective:

Minimize Z x; (1)

The main drawback of this approach is in exponential number of possible haplotypes which be-
comes less critical for blocks of limited size. Indeed, if the block size is b, then regardless of the number
of genotypes, there are at most 2° distinct haplotypes. Although depending on block definition one
can find lengthy blocks, e.g. of length 22 [18], b is rarely exceeds 11. Anyway, we can always enforce
an appropriate limit on the block size.

The constraints forcing haplotypes to explain given genotypes can be expressed as follows [8]. For
any genotype g we introduce a constraint Zhi,hj explain g Pij = 1, where the 0-1 pair variable p;; = 1 if
g can be explained with h; and h; in the resulting phasing. That can happen only if the corresponding
variables x; and z; are set to 1, i.e., ; > p;; and x; > p;;.

An obvious adaptation to PPTPP of the above phasing ILP is to have a constraint for each trio ¢

> Qijkt > 1 (2)

hi ,hj ,hk ,hl explain t

where the 0-1 quartet variables ¢; jr; = 1 if ¢t can be explained with h;, hj, hy, by in the resulting
phasing. That can happen only if the corresponding variables x;, z;, x, ; are set to 1, i.e.,

Tiy Ty Thy X1 > Qijkl (3)

The simple ILP (1-3) has too many variables and constraints and can handle only blocks of size at
most 4 for Daly et al data (see Table 1).

Our second ILP is based on templates of haplotypes. For each trio we introduce four template
haplotypes, i.e., haplotypes with the coordinates 0,1,2 and ?. The values of 0 and 1 correspond to
fully resolved SNP’s which can be found via logical resolution from the previous section, while 2
corresponds to the fact that there is another template with 2 in the same position such that feasible
phasing requires these two values be complementary (0 and 1). The ?’s corresponds to free positions.
For each 2 in each template we introduce a 0-1-variable y and constraints connecting each pair of
complimentary 2’s:

y+y =1 (4)
For each 7 in each template we also introduce a 0-1 variable z.

Finally, we need to express dependencies between z-variables and y, z-variables. Assume that the
template T is resolved by the haplotype h if the variables y;,7 € Iy, are set to 0, y;,¢ € I, are set to 1,
zj,J € Jo, are set to 0, z;,j € Ji are set to 1. Then the z-variable corresponding to h is constrained
as follows

e>1+ Y yi— LI+ Y (1—w) =L+ Y 2 — [N+ > (1—-z) |k (5)
el icls je Jedo

Indeed, if all y’s and z’s are set as in the haplotype h, then all elements of all four sums are 1’s
and they will be canceled by subtraction of the number of elements in these sums; thus the right hand
side is 1. Otherwise right hand side is at most 0 and «x is not constrained.



Daly Data

Block Size LP1 LP2 LP3
rt (s) - 0.103 0.0738

4 var | 131783 | 383.73 68.76
cons | 131896 | 1332.12 | 1428.08

rt (s) - 0.225 0.121

5 var - 485.28 97.5
cons - 1740.76 | 1663.0

rt (s) - 3.778 0.693

6 var - 620.12 | 145.82
cons - 2396.75 | 2036.76

rt (s) - 4688.26 | 2.161

7 var - 746.6 202.13
cons - 3193.6 | 2503.4

rt (s) - - 3.507
8 var - - 5142.85
cons - - 598.769

Table 1: The comparison of the running times, number of variables, number of constraints of three
linear programs. Each value is averaged over all blocks. All phasing block sizes are uniform.

The ILP (1)-(4)-(5) has considerably less variables and constraints than the first ILP but in case
of many ?’s there may be too many variables which can slow down ILP solver (see Table 1).

Our third ILP takes advantage of the fact that 7’s are really not constrained. Instead of completely
resolving templates as in constraint (5), we can partially resolve templates, i.e., resolve only 2’s. Then
several haplotypes can fit partially resolved templates and at least one of the corresponding z-variables
should be set to 1, i.e., for any y-assignment of 2’s in each template T,

> e>1+ Yy — L+ > (1 —y) — |If (6)

z fits all y’s in template T i€ly i€l

The last constraint is not completely equivalent to (5) since now we should guarantee that each
template is resolved. This is guaranteed by the following constraint. For each template T,

x>1 (7)
z fits template T'

The ILP (1)-(4)-(6)-(7) can resolve longer blocks (see Table 1).
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