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T
h
e
R
e
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o
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M
a
th
e
m
a
tic
a
l
O
b
je
c
ts

J
o
sep
h
A
.
G
o
g
u
en

D
ep
t.
C
o
m
p
u
ter
S
cien
ce
&
E
n
g
in
eerin
g

U
n
iv
ersity
o
f
C
a
lifo
rn
ia
a
t
S
a
n
D
ieg
o
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A
b
str
a
c
t

M
a
n
y
m
a
th
e
m
a
tic
ia
n
s
&

p
h
ilo
so
p
h
e
rs
sa
y
m
a
th
o
b
je
c
ts
h
a
v
e
re
a
l
e
x
iste
n
c
e

in
d
e
p
e
n
d
e
n
t
o
f
re
p
re
se
n
ta
tio
n
,
&

o
f
a
ll
h
u
m
a
n
so
c
ie
ty
.

B
u
t
d
o
m
a
th
e
m
a
tic
ia
n
s
re
a
lly
b
e
h
a
v
e
a
s
if
th
is
w
e
re
tru
e
?

U
se
c
o
g
n
itiv
e
lin
g
u
istic
s,
d
isc
o
u
rse
a
n
a
ly
sis,
e
th
n
o
m
e
th
o
d
o
lo
g
y
,
se
m
io
tic
s:

|

H
o
w
d
o
m
a
th
o
b
je
c
ts
e
n
te
r
m
a
th
d
isc
o
u
rse
?

|

H
o
w
a
re
m
a
th
o
b
je
c
ts
re
fe
rre
d
to
in
m
a
th
d
isc
o
u
rse
?

|

W
h
a
t
d
o
e
s
th
is
te
ll
u
s?

W
e
w
ill
se
e
th
a
t
m
a
th
d
isc
o
u
rse
is:

h
ig
h
ly
n
u
a
n
c
e
d
fo
r
o
b
je
c
t
sta
tu
s,

h
ig
h
ly
stru
c
tu
re
d
,
a
n
d
th
a
t

m
a
th
o
b
je
c
ts
h
a
v
e
a
tta
ch
e
d
v
a
lu
e
s.

T
h
e
re
a
re
im
p
lic
a
tio
n
s
fo
r:

|

p
h
ilo
so
p
h
y
o
f
m
a
th
,

|

m
a
th
e
d
u
c
a
tio
n
,
e
x
p
o
sitio
n
&

u
se
.

W
e
c
a
n
a
lso
in
fe
r
so
m
e
v
a
lu
e
s
o
f
m
a
th
e
m
a
tic
s.
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1
.
P
refa
ce

2
.
M
o
d
es
o
f
O
b
ject
In
tro
d
u
ctio
n

3
.
M
o
d
es
o
f
O
b
ject
R
eferen
ce

4
.
S
eq
u
en
tia
l
O
rg
a
n
iza
tio
n

5
.
C
o
g
n
itiv
e
L
in
g
u
istics
o
f
M
a
th

6
.
S
o
m
e
L
itera
tu
re

7
.
C
o
n
clu
sio
n
s
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1
.
P
r
e
fa
c
e

T
w
o
p
a
ra
d
o
x
es
o
f
m
a
th
em
a
tics:

1
.
R
ea
l
m
a
th
is
em
b
o
d
ied
,
situ
a
ted
,
m
a
teria
l,

b
u
t
m
a
th
o
b
jects
a
p
p
ea
r
to
b
e
o
b
jectiv
e
&
tra
n
scen
d
en
ta
l.

2
.
A
lth
o
u
g
h
v
ery
a
b
stra
ct,
m
a
th
is
v
ery
a
p
p
lica
b
le
(W
ig
n
er).

W
e
w
ill
see:

�

h
o
w
tra
n
scen
d
en
ta
l
o
b
jectiv
ity
is
a
ch
iev
ed
b
y
d
isco
u
rse
p
ra
ctice;

�

th
a
t
m
a
th
is
g
ro
u
n
d
ed
in
ex
p
erien
ce
w
ith
ev
ery
d
a
y
w
o
rld
;

�

th
a
t
m
a
th
d
isco
u
rse
ex
p
resses
th
e
v
a
lu
es
o
f
p
ro
v
ers.

W
e
w
ill
see
h
o
w
th
ese
&
sim
ila
r
p
o
in
ts
reso
lv
e
th
e
p
a
ra
d
o
x
es.

B
a
sed
o
n
em
p
irica
l
stu
d
y
o
f
\
m
a
th
o
b
jects"
in
\
rea
l
m
a
th
,"

in
sen
se
o
f
a
ctu
a
l
p
ra
ctice
o
f
p
ro
fessio
n
a
l
m
a
th
em
a
tics,

u
sin
g
w
ritten
m
a
teria
l
&
liv
e
v
id
eo
s,

ex
a
m
in
in
g
stru
ctu
re
in
m
a
th
d
isco
u
rse,

d
ra
w
in
g
o
n
m
em
b
er's
co
m
p
eten
ce
in
m
a
th
.
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T
h
is
is
a
ca
se
stu
d
y
o
f
so
cia
l
co
n
stru
ctio
n
o
f
o
b
jects
&

h
o
w
v
a
lu
es
g
et
a
tta
ch
ed
to
th
em
b
y
h
o
w
th
ey
a
re
u
sed
.

W
e
w
ill
ex
a
m
in
e

�

h
o
w
\
o
b
jects"
a
re
in
tro
d
u
ced
,

�

h
o
w
th
ey
a
re
referen
ced
,

�

n
a
rra
tiv
e
stru
ctu
re
o
f
m
a
th
d
isco
u
rse,

�

w
h
a
t
th
ese
tell
a
b
o
u
t
m
a
th
o
b
jects.

D
ra
w
o
n
co
g
n
itiv
e
lin
g
u
istics,
d
isco
u
rse
a
n
a
ly
sis,
sem
io
tics,
a
n
d

eth
n
o
m
eth
o
d
o
lo
g
y,
b
u
t
n
o
n
-d
o
g
m
a
tica
lly,

u
se
em
p
irica
lly
w
ell
g
ro
u
n
d
ed
relev
a
n
t
th
eo
ries.

P
ro
o
fs
a
re
lo
ca
lly
a
d
eq
u
a
te
fo
r
g
iv
en
p
ra
ctica
l
p
u
rp
o
se,

e.g
.,
o
n
ly
ela
b
o
ra
ted
to
ex
ten
t
n
eed
ed
fo
r
th
a
t
o
cca
sio
n
.

P
ro
v
in
g
is
a
cco
u
n
ta
b
le
in
sen
se
o
f
m
a
k
in
g
clea
r
w
h
a
t
it
is;

a
cco
u
n
ta
b
ility
is
a
n
a
tu
ra
l
so
cia
l
a
ch
iev
em
en
t
(fo
r
m
em
b
ers).

L
o
o
k
fo
r
d
ev
ia
tio
n
s
fro
m
ex
p
ected
stru
ctu
re
a
n
d
a
sk
:

W
h
a
t
w
o
rk
is
th
is
d
o
in
g
?
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V
a
lu
es
a
re
a
tta
ch
ed
b
y
h
ig
h
ly
n
u
a
n
ced
m
o
d
es
o
f
referen
ce,
in
clu
d
in
g

�

d
eg
ree
o
f
ex
isten
ce,

�

im
p
o
rta
n
ce,

�

d
i�
cu
lty,

a
s
d
eterm
in
ed
b
y
sy
n
ta
x
,
d
isco
u
rse,
seq
u
en
tia
l
o
rg
a
n
iza
tio
n

|

ca
n
ev
en
b
e
rh
eto
rica
l
&
d
ra
m
a
tic
e�
ects.

(\
S
co
p
e"
a
n
d
\
ro
le"
o
f
o
b
jects
a
re
tech
n
ica
l,

rela
ted
to
tree
stru
ctu
re
o
f
o
p
en
g
o
a
ls,
a
n
d
to
m
eth
o
d
s
o
f
p
ro
v
in
g
.)

M
a
th
sy
m
b
o
ls
a
re
to
k
en
s
in
m
a
th
d
isco
u
rse,

in
tro
d
u
ced
fo
r
fu
tu
re
u
se.

T
o
sa
y
th
ey
refer
to
\
rea
l"
o
b
jects
is
n
o
n
sen
se
|

w
e
h
a
v
e
n
o
a
ccess
to
P
la
to
n
ic
h
ea
v
en
,

bu
t
d
o
in
g
m
a
th
feels
a
s
if
w
e
d
o
.

W
h
y
is
th
a
t?

T
h
is
w
o
rk
�
ts
in
to
la
rg
er
p
ro
ject
o
n
\
n
a
tu
ra
l
eth
ics"
:

reco
v
erin
g
d
eep
ly
em
b
ed
d
ed
v
a
lu
es
fro
m
n
a
tu
ra
l
in
tera
ctio
n
,

b
y
a
sk
in
g
w
h
a
t
w
o
rk
is
b
ein
g
d
o
n
e.



4

'&

$%

2
.
M
o
d
e
s
o
f
In
tr
o
d
u
c
tio
n

L
et
N

be
a
n
in
teger.

G
iven
a
n
in
teger
N
,
...

S
u
p
po
se
N

is
a
n
in
teger,
...

A
ssu
m
e
th
a
t
N

is
a
n
in
teger.

A
ssu
m
in
g
N

is
a
n
in
teger,
...

G
ra
n
tin
g
th
a
t
N

is
a
n
in
teger,
...

F
o
r
N

a
n
in
teger,
...

If
N

is
a
n
in
teger,
...

...,
w
h
ere
N

is
a
n
in
teger.

...,
w
ith
N

a
n
in
teger.

...,
a
ssu
m
in
g
N

is
a
n
in
teger.

...,
p
ro
vid
ed
N

is
a
n
in
teger.

S
y
n
ta
x
in
clu
d
es
m
a
in
v
s.
su
b
o
rd
in
a
te
cla
u
se,
fro
n
tin
g
:

�

m
a
in
cla
u
se
&
fro
n
tin
g
stren
g
th
en
a
n
in
tro
d
u
ctio
n
;

�

d
eep
er
su
b
o
rd
in
a
tio
n
w
ea
k
en
s
it.

D
elica
te
sh
a
d
in
g
s
o
f
d
isco
u
rse
sa
lien
ce,
in
clu
d
in
g

v
a
lu
es
o
f
im
p
o
rta
n
ce,
d
i�
cu
lty
&
\
o
n
to
lo
g
ica
l
sta
tu
s;"

la
tter
ra
n
g
es
fro
m
crea
tio
n
&
b
a
p
tism
to
p
o
ssib
le
n
o
n
-ex
isten
ce.
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M
a
in
a
ctiv
ity
o
f
p
ro
fessio
n
a
l
m
a
th
is
ex
p
lo
ra
tio
n
,
n
o
t
ex
p
o
sitio
n

|

in
ex
p
lo
ra
tio
n
,
o
ften
d
o
n
't
k
n
o
w
if
o
b
jects
rea
lly
ex
ist

|

\
su
p
p
o
se,"
\
a
ssu
m
e,"
\
g
ra
n
tin
g
,"
etc.
re
ect
th
is
u
n
certa
in
ty.

A
lso

\
th
u
s
w
e
see"

\
a
n
d
so
w
e
�
n
d
"

\
th
u
s
w
e
d
isco
v
er"

etc.

re
ect
a
m
eta
p
h
o
r
o
f
ex
p
lo
ra
tio
n
,
n
o
t
o
f
crea
tio
n
.

(B
u
t
crea
tio
n
m
eta
p
h
o
r
ca
n
o
ccu
r
in
co
n
stru
ctio
n
s,
e.g
.,

\
W
e
d
ro
p
a
p
erp
in
d
icu
la
r."

R
h
eto
ric
o
f
tru
th
&
rea
lity
u
sed
w
h
en
p
ro
o
f
su
cceed
s,
i.e.,

tru
th
is
m
a
th
em
a
ticia
n
s
w
o
rd
fo
r
w
h
a
t
h
a
p
p
en
s
in

p
ro
p
erly
a
cco
u
n
ta
b
le
p
ro
v
in
g
.
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S
ig
n
i�
er
&
sig
n
i�
ed
m
a
y
b
e
id
en
ti�
ed
o
r
n
o
t:

...,
w
h
ere
N

d
en
o
tes
a
n
in
teger.

...,
w
h
ere
N

in
d
ica
tes
a
n
in
teger.

...,
w
h
ere
N

ra
n
ges
o
ver
in
tegers.

O
b
jects
n
eed
n
o
t
b
e
in
tro
d
u
ced
b
efo
re
u
sed
;
in
stea
d
ca
n
fo
llo
w
g
en
era
l

co
n
v
en
tio
n
s:

W
e
let
ca
p
ita
l
letters
d
en
o
te
sets.

W
e
w
ill
u
se
th
e
n
o
ta
tio
n
~a
; ~b;
:::
fo
r
vecto
rs.

O
b
jects
n
o
t
a
lw
a
y
s
g
iv
en
sy
m
b
o
l
w
h
en
in
tro
d
u
ced
:

W
e
w
ill
o
pera
te
o
ver
a
�
xed
rea
l
clo
sed
�
eld
.

W
e
w
o
rk
in
a
n
a
rbitra
ry
bu
t
�
xed
H
ilbert
spa
ce.

O
b
jects
m
a
y
b
e
in
tro
d
u
ced
w
ith
a
ssu
m
p
tio
n
s:

L
et
N

be
a
po
sitive
in
teger.

...,
w
h
ere
P

is
a
p
rim
e
grea
ter
th
a
n
N
.
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R
esu
lts
&
a
ssertio
n
s
a
re
a
lso
in
tro
d
u
ced
:

W
e
cla
im

th
a
t
...

T
h
en
,
th
erefo
re,
th
u
s,
h
en
ce,
...

O
bserve
th
a
t
...

N
o
tice
th
a
t
...

N
o
te
th
a
t
...

W
e
w
ill
p
ro
ve
th
a
t
...

It
fo
llo
w
s
th
a
t
...

It
ca
n
be
sh
o
w
n
th
a
t
...

It
is
clea
r
th
a
t
...

It
is
o
bvio
u
s
th
a
t
...

It
is
ea
sy
to
see
th
a
t
...

It
is
ea
sy
to
p
ro
ve
th
a
t
...

It
is
ea
sily
seen
th
a
t
...

A
[little]
ca
lcu
la
tio
n
sh
o
w
s
th
a
t
...

T
h
e
rea
d
er
ca
n
[ea
sily
]
ch
eck
th
a
t
...

It
is
po
ssible
to
p
ro
ve
th
a
t
...

T
h
e
o
r
e
m

,
P
r
o
p
o
s
it
io
n
,
L
e
m

m

a
,
...

D
elica
te
sh
a
d
in
g
s
o
f
im
p
o
rta
n
ce
&
d
i�
cu
lty.

\
It
is
ea
sy
to
see"
o
ften
in
d
ica
tes
a
trick
y
o
r
ted
io
u
s
ca
lcu
la
tio
n

|

th
is
is
w
ell
k
n
o
w
n
to
p
ro
fessio
n
a
ls,
b
u
t
irrita
tin
g
to
o
th
ers.
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P
ro
o
fs
b
y
co
n
tra
d
ictio
n
sh
o
w
a
th
in
g
a
ssu
m
ed
to
ex
ist
rea
lly
d
o
es
n
o
t;

ca
n
b
e
v
ery
co
n
fu
sin
g
to
n
ew
b
ies.

W
e
w
ill
sh
o
w
th
a
t
th
ere
a
re
n
o
even
p
rim
es
grea
ter
th
a
n
2
.

S
u
p
po
se
p
is
a
n
even
p
rim
e
grea
ter
th
a
n
2
.

T
h
en
p
=
2
n
fo
r
so
m
e
n
>
1
.

T
h
erefo
re
p
is
n
o
t
p
rim
e.

H
ere
is
a
m
o
re
\
d
ra
m
a
tic"
v
ersio
n
:

I
cla
im

th
ere
a
re
n
o
even
p
rim
es
grea
ter
th
a
n
2
.

L
et
p
be
a
n
even
p
rim
e
grea
ter
th
a
n
2
.

T
h
en
p
=
2
n
fo
r
so
m
e
n
>
1
.

T
h
erefo
re
p
is
n
o
t
p
rim
e.

Q
E
D

P
ro
o
fs
b
a
sed
o
n
lo
g
ic
d
i�
er
fro
m
th
o
se
b
a
sed
o
n
co
n
crete
co
n
stru
ctio
n
s;

a
p
p
ly
to
a
ll
o
b
jects
th
a
t
sa
tisfy
th
e
a
ssu
m
p
tio
n
s
(if
a
n
y
);

e.g
.,
co
n
stru
ctio
n
s
o
f
E
u
clid
ea
n
g
eo
m
etry
v
s.
g
ro
u
p
th
eo
ry.
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3
.
M
o
d
e
s
o
f
R
e
fe
r
e
n
c
e

M
a
th
d
isco
u
rse
b
u
ild
s
o
n
o
rd
in
a
ry
d
isco
u
rse

{
sh
a
res
its
co
n
v
en
tio
n
s,
in
clu
d
in
g
m
o
d
es
o
f
referen
ce.

O
rd
in
a
ry
d
isco
u
rse
p
resu
p
p
o
ses
co
n
crete
o
b
jects,
referred
to
b
y
:

\
it,"
\
th
a
t,"
\
th
is,"
\
th
e
o
th
er,"
etc.

In
m
a
th
,
a
lso
h
a
v
e

\
th
is
fo
rm
u
la
,"
\
th
a
t
in
teger,"
\
th
e
o
th
er
va
ria
ble,"
etc.

C
a
n
a
lso
h
a
v
e
ch
a
in
s
o
f
referen
ce.

\
T
h
e
fo
rm
u
la
th
a
t
w
e
u
sed
to
p
ro
ve
th
is
o
n
e."

D
efa
u
lt
is
d
o
w
h
a
t
ta
k
es
lea
st
e�
o
rt
&
still
e�
ectiv
e;

d
i�
eren
ces
fro
m
th
is
d
o
so
m
e
o
th
er
w
o
rk
in
d
isco
u
rse,

su
ch
a
s
im
p
o
rta
n
ce,
d
i�
cu
lty,
\
o
n
to
lo
g
ica
l
sta
tu
s"
.

M
ea
n
in
g
o
f
referen
ce
co
n
tro
lled
b
y
im
p
o
rta
n
ce,
d
i�
cu
lty,
sco
p
e:

\
T
h
e
p
roo
f
is
n
o
w
red
u
ced
to
..."

\
T
h
e
d
esired
resu
lt
n
o
w
fo
llo
w
s."
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R
eferen
ce
ca
n
b
e
ra
th
er
co
m
p
lex
in
m
u
ltim
ed
ia
d
isco
u
rse:

\
T
h
e
la
st
fo
rm
u
la
w
ith
x
rep
la
ced
by
y
."

\
T
h
e
la
st
fo
rm
u
la
w
ith
th
is
a
n
d
th
a
t
reversed
."

\
T
h
e
la
st
fo
rm
u
la
w
ith
th
is
su
bstitu
ted
fo
r
x."

\
T
h
e
fo
rm
u
la
th
a
t
u
sed
to
be
h
ere."

w
h
ere
u
n
d
erlin
ed
p
a
rts
a
re
g
estu
res,
w
ritin
g
,
w
ritin
g
p
lu
s
g
estu
re,
o
r
....

Im
p
o
rta
n
ce,
etc.
in
d
ica
ted
b
y
b
o
d
y
la
n
g
u
a
g
e
in
co
m
p
lex
w
a
y
s...

S
im
ila
r
p
h
en
o
m
en
a
fo
r
in
tro
d
u
cin
g
fo
rm
u
la
e:

\
C
o
n
sid
er
th
e
fo
rm
u
la
..."

\
T
h
erefo
re
..."

\
W
h
a
t
w
e
w
a
n
t
to
p
ro
ve
is
..."

\
A
n
d
so
w
e
a
re
red
u
ced
to
..."

S
p
ea
k
in
g
&
p
o
in
tin
g
ca
n
b
e
sim
u
lta
n
eo
u
s
in
th
ese.

O
f
co
u
rse,
ca
n
a
lso
h
a
v
e
n
a
m
ed
fo
rm
u
la
e:

\
L
et
F

be
th
e
fo
llo
w
in
g
fo
rm
u
la
"

\
L
et
F

be
th
e
a
bo
ve
fo
rm
u
la
."

\
L
et
F

d
en
o
te
th
e
fo
llo
w
in
g
fo
rm
u
la
"

\
L
et
F

be
th
e
fo
rm
u
la
... "

N
a
m
ed
fo
rm
u
la
e
m
o
re
co
m
m
o
n
in
w
ritin
g
th
a
n
liv
e
d
isco
u
rse.
A
lso

[6
.2
1
]

e
�

i

=
�
1
.
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M
a
th
o
b
jects
a
re
a
b
stra
ct
in
th
e
sen
se
th
a
t

th
ere
a
re
m
u
ltip
le
rep
resen
ta
tio
n
s,
co
n
sid
ered
eq
u
iv
a
len
t.

F
o
r
ex
a
m
p
le,
th
e
fo
llo
w
in
g

12

+
13

+
14

=

61
2

+

41
2

+

31
2

=

1
3

1
2

=

1
11

2

a
re
a
ll
\
eq
u
a
l"
|

b
u
t
a
re
still
a
ll
d
i�
eren
t.

T
h
e
w
o
rk
o
f
ca
lcu
la
tio
n
o
ften
co
n
sists
o
f
ch
a
n
g
in
g
rep
resen
ta
tio
n
.

T
h
e
ca
lcu
la
to
r
ten
d
s
to
th
in
k
su
ch
term
s
rep
resen
t
\
th
e
sa
m
e
th
in
g
,"

|

w
h
ich
rein
fo
rces
b
elief
in
a
P
la
to
n
ic
o
b
ject.

U
se
o
f
eq
u
iv
a
len
ce
is
u
b
iq
u
itio
u
s
in
m
a
th
:

:9
9
9
9
9
:::

=

1

=

1
:0

:3
3
3
3
3
:::

=

13

0
+
x

=

x

0
�

x

=

0
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4
.
S
e
q
u
e
n
tia
l
O
r
g
a
n
iz
a
tio
n

Id
ea
s
fro
m
C
o
n
v
ersa
tio
n
a
l
A
n
a
ly
sis
(p
a
rt
o
f
eth
m
eth
)
ca
n
h
elp
,
sin
ce

h
a
v
e
seq
u
en
tia
l
o
rg
a
n
iza
tio
n
o
f
in
tro
d
u
ctio
n
,
referen
ce
&
re-referen
ce:

�

referen
ce
ca
n
b
e
sim
p
ler
ea
ch
tim
e,
a
s
sa
lien
ce
rises.

�

rep
a
ir
co
n
v
en
tio
n
s
a
lso
u
sed
fo
r
rea
l-tim
e
ed
itin
g
o
f
fo
rm
u
la
e.

A
cco
rd
in
g
to
L
a
b
o
v
,
sto
ries
h
a
v
e:

1
.
a
n
o
p
tio
n
a
l
o
rien
ta
tio
n
;

2
.
n
a
rra
tiv
e
cla
u
ses
fo
r
a
ctio
n
s,

3
.
in
n
a
rra
tiv
e
p
a
st
ten
se,

4
.
w
ith
ev
en
ts
p
resu
m
ed
in
\
n
a
rra
tiv
e
o
rd
er"
;

5
.
ev
a
lu
a
tiv
e
cla
u
ses
fo
r
rea
so
n
s;
a
n
d

6
.
a
n
o
p
tio
n
a
l
clo
sin
g
sectio
n
.

(L
a
ter
re�
n
ed
b
y
L
in
d
e.)
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N
a
rra
tiv
e
stru
ctu
re
o
ften
a
p
p
ea
rs
in
p
ro
o
fs,

u
sed
w
ith
L
o
g
ica
l
C
o
n
seq
u
en
ce
is
T
em
p
o
ra
l
S
u
ccessio
n
m
eta
p
h
o
r:

\
th
en
"
,
\
it
fo
llo
w
s
th
a
t"
,
\
a
fter
w
h
ich
"
,
...

I
cla
im

m
o
re
n
a
rra
tiv
e
stru
ctu
re
ca
n
m
a
k
e
p
ro
o
fs
ea
sier
to
fo
llo
w
:

tested
in
p
ro
o
f
d
isp
la
y
sy
stem
o
n
th
e
w
eb
.

A
d
ra
m
a
tic
ex
a
m
p
le
o
n
v
id
eo
ta
p
e:

a
h
ero
ic
n
a
rra
tiv
e
o
f
p
ro
o
f
a
ttem
p
ts
b
y
co
m
p
u
ter
p
ro
g
ra
m
.

a
b
it
lik
e
J
o
sep
h
C
a
m
p
b
ell's
id
ea
s.

N
a
rra
tiv
e
stru
ctu
re
a
lso
a
d
d
s
to
illu
sio
n
o
f
rea
lity
o
f
m
a
th
o
b
jects,

a
g
a
in
u
sin
g
co
n
v
en
tio
n
a
l
d
isco
u
rse
stru
ctu
res,

th
a
t
o
rd
in
a
rily
in
v
o
lv
e
co
n
crete
o
b
jects
&
ev
en
ts.
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5
.
C
o
g
n
itiv
e
L
in
g
u
istic
s
o
f
M
a
th

B
rillia
n
t
n
ew
b
o
o
k
b
y
L
a
k
o
�
&
N
�u
~n
ez
|

sh
o
w
s
m
a
th
o
b
jects
g
ro
u
n
d
ed
in
ev
ery
d
a
y
ex
p
erien
ce:

�

b
a
sic
im
a
g
e
sch
em
a
s
(b
a
sed
o
n
sen
so
ry
-m
o
to
r
sch
em
a
s);

�

m
eta
p
h
o
ric
p
ro
jectio
n
;

�

co
n
cep
tu
a
l
b
len
d
in
g
.

A
lso
,
co
g
n
itiv
e
p
ro
cessin
g
o
f
la
n
g
u
a
g
e
is
la
rg
ely
u
n
co
n
scio
u
s.

E
x
a
m
p
les
fo
r
n
u
m
b
ers:

\
a
d
d
,"
\
ta
k
e
a
w
a
y,"
\
y
ield
s,"
\
g
et,"
\
b
ig
g
er
th
a
n
,"
...

|

b
a
sed
o
n
N
u
m
b
ers
A
re
O
b
ject
C
o
llectio
n
s
m
eta
p
h
o
r.

\
x
is
b
etw
een
5
a
n
d
6
,"
\
x
is
b
elo
w
1
2
,"
\
y
is
clo
se
to
x
,"

\
x
is
fa
r
fro
m
0
,"
...

|

b
a
sed
o
n
N
u
m
b
ers
A
re
P
o
in
ts
o
n
a
L
in
e
m
eta
p
h
o
r.

T
h
ese
a
lso
rein
fo
rce
illu
sio
n
o
f
rea
lity
o
f
m
a
th
o
b
jects.
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B
a
sic
im
a
g
e
sch
em
a
s
ex
p
la
in
a
p
p
lica
b
ility
o
f
m
a
th
:

sen
so
ry
-m
o
to
r
sch
em
a
s
w
o
rk
in
th
e
w
o
rld
(d
u
e
to
ev
o
lu
tio
n
);

so
d
o
es
la
n
g
u
a
g
e
a
b
stra
cted
fro
m
th
em
;

m
a
th
is
ju
st
a
b
it
m
o
re
a
b
stra
cted
.

W
ig
n
er's
p
a
ra
d
o
x
d
ep
en
d
s
o
n
a
ccep
tin
g
th
a
t
m
a
th
is
tra
n
scen
d
en
ta
l.

\
L
et
N

be
a
n
in
teger"
ca
lls
u
p
a
\
co
n
cep
tu
a
l
sp
a
ce"
:

{
m
o
re
th
a
n
ju
st
co
n
cep
ts;

{
rela
tio
n
s
a
m
o
n
g
co
n
cep
ts,
su
ch
a
s
�
;

{
lo
ca
l
m
eth
o
d
s,
e.g
.,
p
ra
ctices
fo
r
p
ro
v
in
g
;

{
m
a
y
ev
en
b
e
a
n
ev
o
lv
in
g
lo
ca
l
sta
te,
e.g
.,
g
eo
m
etrica
l
co
n
stru
ctio
n
s.

S
im
ila
r
to
o
b
ject
o
rien
ted
p
ro
g
ra
m
m
in
g
in
co
m
p
u
ter
scien
ce.

(T
h
is
g
o
es
b
ey
o
n
d
L
a
k
o
�
&
N
�u
~n
ez).

L
a
k
o
�
&
N
�u
~n
ez
a
lso
u
se
co
n
cep
tu
a
l
m
eta
p
h
o
rs
&
b
len
d
s;

th
is
to
o
su
g
g
ests
rea
lity
o
f
m
a
th
o
b
jects.

T
h
eir
b
o
o
k
h
a
s
m
a
n
y
g
o
o
d
ex
a
m
p
les.
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6
.
S
o
m
e
L
ite
r
a
tu
r
e

L
itera
tu
re
a
b
it
ch
a
o
tic;
m
u
ch
is
sp
ecu
la
tiv
e,
n
o
rm
a
tiv
e,
o
r
irrelev
a
n
t;

n
o
t
m
u
ch
b
a
sed
o
n
em
p
irica
l
stu
d
ies
o
f
a
ctu
a
l
situ
a
ted
m
a
th
em
a
tics.

�

F
a
m
o
u
s
m
a
th
em
a
ticia
n
s
p
o
n
ti�
ca
tin
g
,

b
a
sed
o
n
ex
p
erien
ce
w
ith
v
ery
h
a
rd
p
ro
o
fs.

L
ik
e
a
d
v
ice
fro
m
O
ly
m
p
ic
a
th
letes
{
n
o
t
u
sefu
l
to
o
rd
in
a
ry
fo
lk
s
{

co
u
ld
w
ell
b
e
h
a
rm
fu
l
{
e.g
.,
sm
o
k
in
g
fo
r
a
lg
eb
ra
!

�

P
h
ilo
so
p
h
ers,
b
a
sed
o
n
(o
ften
rid
icu
lo
u
s)
id
ea
s
o
f
w
h
a
t
is
rea
l.

�

E
d
u
ca
tio
n
ists,
b
a
sed
o
n
cla
ssro
o
m
ex
p
erien
ce,
o
ften
stra
n
g
e
m
ix
tu
res

o
f
th
eo
ries,
&
so
m
etim
es
h
id
d
en
a
g
en
d
a
s.

�

P
sy
ch
o
lo
g
ists,
b
a
sed
o
n
a
rti�
cia
l
la
b
ex
p
erim
en
ts.
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6
.1
L
a
k
o
�
&

N
�u
~n
e
z

F
o
cu
ssed
o
n
em
b
o
d
ied
a
sp
ects
o
f
m
a
th
.

T
o
o
l
k
it
in
clu
d
es
im
a
g
e
sch
em
a
s,
co
n
cep
tu
a
l
m
eta
p
h
o
rs,
b
len
d
s.

N
o
a
n
a
ly
sis
o
f
d
isco
u
rse
a
s
su
ch
;
n
o
a
tten
tio
n
to
m
u
ltim
ed
ia
.

N
o
seq
u
en
tia
l
a
n
a
ly
sis,
e.g
.,
in
tro
d
u
ctio
n
&
referen
ce,
n
a
rra
tiv
e.

G
o
o
d
o
n
h
isto
rica
l
d
ev
elo
p
m
en
t
o
f
co
n
cep
ts
&
m
eta
p
h
o
rica
l
p
ro
jectio
n

E
x
cellen
t
a
n
a
ly
sis
o
f
m
a
th
co
n
cep
ts
{
n
o
t
p
a
rt
o
f
p
resen
t
stu
d
y.

P
erh
a
p
s
a
b
it
p
o
lem
ica
l
a
t
tim
es.

6
.2
L
iv
in
g
sto
n

G
rea
t
o
ld
er
b
o
o
k
o
n
eth
n
o
m
eth
o
d
o
lo
g
y
o
f
m
a
th
em
a
tics.

M
a
y
b
e
fru
stra
tin
g
,
sin
ce
sta
y
s
in
fra
m
ew
o
rk
o
f
w
o
rk
in
g
m
a
th
,

d
o
esn
't
rea
ch
w
h
a
t
m
o
st
w
o
u
ld
ca
ll
co
n
clu
sio
n
s.

H
a
s
a
n
ex
cellen
t
ex
a
m
p
le:
G
�o
d
el's
in
co
m
p
leten
ess
th
eo
rem
.
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6
.3
S
fa
r
d

F
o
cu
sed
o
n
ed
u
ca
tio
n
,
esp
ecia
lly
o
n
lea
rn
in
g
n
ew
co
n
cep
ts.

A
lso
co
n
sid
ers
h
isto
rica
l
d
ev
elo
p
m
en
t
o
f
m
a
th
co
n
cep
ts.

J
u
st
o
n
e
ca
se
stu
d
y,
b
u
t
a
n
in
terestin
g
o
n
e.

A
n
ticip
a
tes
sev
era
l
k
ey
p
o
in
ts
fro
m
L
a
k
o
�
&
N
�u
~n
ez.

U
ses
a
n
o
d
d
m
ix
tu
re
o
f
th
eo
ries,
in
clu
d
in
g
o
ld
er
L
a
k
o
�
w
o
rk
.

6
.4
G
o
g
u
e
n

P
a
p
er
T
o
w
a
rd
s
a
S
ocia
l,
E
th
ica
l
T
h
eo
ry
o
f
In
fo
rm
a
tio
n
:

F
o
u
n
d
a
tio
n
s
fo
r
n
o
tio
n
o
f
in
fo
rm
a
tio
n
b
a
sed
o
n
so
cia
l
sem
io
tics,

w
ith
ex
a
m
p
les
fro
m
co
m
p
u
ter
sy
stem
s
d
esig
n
.

U
ses
id
ea
s
fro
m
eth
n
o
m
eth
o
d
o
lo
g
y
&
so
cio
lo
g
y
o
f
scien
ce,

a
rg
u
es
th
a
t
eth
ics
a
re
in
h
eren
t
in
in
tera
ctio
n
.

A
lso
T
h
e
E
th
ics
o
f
D
a
ta
ba
ses
:
o
n
v
a
lu
es
in
u
ser
in
terfa
ces,

w
ith
ex
a
m
p
les
fro
m
p
o
p
u
la
r
w
eb
sea
rch
en
g
in
es.
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7
.
C
o
n
c
lu
sio
n
s

M
a
th
d
isco
u
rse
is
�
n
ely
n
u
a
n
ced
fo
r
sa
lien
ce,

in
b
o
th
in
tro
d
u
ctio
n
&
referen
ce,

re
ectin
g
v
a
lu
es
o
f
ex
isten
ce,
im
p
o
rta
n
ce
&
d
i�
cu
lty.

M
a
th
o
b
jects
co
n
stitu
ted
&
su
sta
in
ed
a
s
rea
l
b
y
p
ra
ctica
l
w
o
rk
in
a
ctu
a
l

d
isco
u
rse,
b
y
co
m
p
eten
t
m
em
b
ers.

T
h
e
rea
lity
o
f
m
a
th
em
a
tica
l
o
bjects
is
a
n
illu
sio
n
.

D
u
e
to
co
n
v
en
tio
n
s
o
f
o
rd
in
a
ry
d
isco
u
rse,

w
h
ich
p
resu
m
e
o
rd
in
a
ry
co
n
crete
o
b
jects,

in
clu
d
in
g
seq
u
en
tia
l
o
rg
a
n
iza
tio
n
o
f
o
b
ject
in
tro
d
u
ctio
n
&
referen
ce,

n
a
rra
tiv
e,
im
a
g
e
sch
em
a
s,
m
eta
p
h
o
rs,
b
len
d
s,
a
b
stra
ctio
n
&
m
o
re.

M
o
st
m
a
th
em
a
ticia
n
s
k
n
o
w
rea
lity
is
a
n
illu
sio
n

|

b
u
t
a
re
tra
in
ed
n
o
t
to
a
d
m
it
it

|

b
eca
u
se
b
eliev
in
g
th
e
illu
sio
n
h
elp
s
th
em
d
o
m
a
th
b
etter!
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1
.
P
la
to
n
ism

(a
lso
ca
lled
\
rea
lism
"
)
is
fa
lse:

�

rea
l
m
a
th
is
em
b
o
d
ied
&
situ
a
ted
;

�

P
la
to
n
ic
o
b
jects
h
a
v
e
n
o
ca
u
sa
l
ro
le
in
rea
l
m
a
th
d
isco
u
rse.

2
.
F
o
rm
a
lism

is
fa
lse:

�

rea
l
m
a
th
d
isco
u
rse
is
n
o
t
o
n
ly
in
fo
rm
a
l,

is
h
ig
h
ly
n
u
a
n
ced
,
ex
p
ressiv
e,
ev
en
d
ra
m
a
tic;

�

rea
l
m
a
th
is
g
ro
u
n
d
ed
in
rea
l
ex
p
erien
ce;

�

tra
ces
ex
ist
in
la
n
g
u
a
g
e
o
f
m
a
th
,
e.g
.,
im
a
g
e
sch
em
a
s.

3
.
R
ea
l
m
a
th
is
n
o
t
ro
u
tin
e:

�

p
ro
o
fs
a
re
site
sp
eci�
c,

e.g
.,
o
n
ly
ela
b
o
ra
ted
to
ex
ten
t
n
eed
ed
a
t
th
a
t
tim
e
&
p
la
ce.

4
.
S
o
m
e
im
p
lica
tio
n
s
fo
r
m
a
th
ed
u
ca
tio
n
:

�

\
B
a
ck
to
b
a
sics"
{
m
em
o
riza
tio
n
,
ro
u
tin
iza
tio
n
n
o
t
g
o
o
d
tea
ch
in
g
.

�

G
ro
u
n
d
in
g
ev
ery
th
in
g
in
p
ra
ctica
l
ex
p
erien
ce
is
m
isg
u
id
ed
.

�

T
ea
ch
in
g
m
a
th
a
s
p
u
re
a
b
stra
ctio
n
is
m
isg
u
id
ed
.

S
im
ila
r
p
o
in
ts
fo
r
ex
p
o
sitio
n
&
u
se
o
f
m
a
th
.

A
lso
fo
r
p
h
y
sics,
ch
em
istry,
en
g
in
eerin
g
,
e.g
.,
co
n
cep
ts
lik
e
\
fo
rce."
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S
o
m
e
rea
lly
n
ew
resu
lts
h
ere,
in
clu
d
in
g
:

�

U
se
o
f
d
i�
cu
lty
&
ex
isten
ce
in
reso
lv
in
g
referen
ces.

�

M
eta
p
h
o
ric
p
ro
jectio
n
o
f
n
a
rra
tiv
e
p
resu
m
p
tio
n
to
en
ta
ilm
en
t.

�

L
a
rg
e
ra
n
g
e
o
f
lin
g
u
istic
d
ev
ices
in
th
e
rh
eto
ric
o
f
rea
lity.

�

T
h
e
ro
le
o
f
v
a
lu
es.

In
a
w
a
y,
w
e
u
sed
th
e
w
o
rk
d
o
n
e
to
m
a
k
e
v
a
lu
es
in
v
isib
le

to
ren
d
er
th
em
v
isib
le.

(A
little
to
o
cu
te
{
b
u
t
so
m
e
in
sig
h
t
th
ere.)

C
a
n
a
lso
g
o
u
p
a
lev
el
&
in
fer
so
m
e
v
a
lu
es
o
f
p
ro
v
ers:

1
.
cla
rity
o
f
referen
ce

2
.
cla
rity
o
f
o
rg
a
n
iza
tio
n

3
.
d
i�
cu
lty
o
f
p
ro
o
f

4
.
co
n
cisio
n

5
.
a
u
sterity

6
.
su
rp
rise.

(B
u
t
n
o
ro
o
m
fo
r
su
p
p
o
rtin
g
a
g
u
m
en
ts
h
ere.)


